Subparacompactness and submetacompactness of σ-products  by Sakai, Masami & Yajima, Yukinobu
Topology and its Applications 129 (2003) 153–158
www.elsevier.com/locate/topol
Subparacompactness and
submetacompactness of σ -products
Masami Sakai, Yukinobu Yajima ∗
Department of Mathematics, Kanagawa University, Yokohama 221-8686, Japan
Received 22 June 2001; received in revised form 29 May 2002
Abstract
In 1989, Chiba raised the problem of whether a σ -product of spaces, each finite subproduct
of which is subparacompact (respectively, submetacompact), is subparacompact (respectively,
submetacompact). In the present paper, we give an affirmative answer to this problem in each case.
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1. Introduction
Corson [6] introduced the following concept of σ -products as a dense subspace of a
product spaces.
Definition. Let
∏
α∈AXα be the Cartesian product of spaces, Xα, α ∈ A, and let x∗ =
(x∗α)α∈A ∈
∏
α∈AXα . Then the subspace
σ =
{
(xα)α∈A ∈
∏
α∈A
Xα : xα = x∗α for at most finitely many α ∈A
}
of
∏
α∈AXα is called a σ -product of spaces, Xα, α ∈ A. We call x∗ = (x∗α)α∈A ∈ σ the
base point of σ . A product of the form
∏
α∈a Xα×{(x∗α)α∈A\a} is called a finite subproduct
of σ if a is a finite subset of A.
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Several papers have investigated the results for σ -products of the following type:
(∗) Let P be a topological property. Let σ be a σ -product of spaces. If each finite
subproduct of σ has the property P , then σ has P .
First, Kombarov [9] proved that (∗) holds for P being paracompactness. After that,
Teng [10] proved that (∗) holds for P being metacompactness and that (∗) holds for P
being subparacompactness if σ is subnormal. Chiba [2] proved that (∗) holds for P being
submetacompactness if σ is normal. Moreover, she [1,4] also dealt with (∗) for other
covering properties P such as submeta-Lindelöfness, weak θ -refinability, B-property and
so on.
On the other hand, Chiba [5] has recently proved that (∗) does not hold for P being
strong paracompactness, normality or orthocompactness.
Under these circumstances, it is natural to raise the following problem:
Problem [1, Problem 1]. Does the statement (∗) hold for P being subparacompactness or
submetacompactness (without any condition of σ )?
In Sections 2 and 3, we will give affirmative answers to this problem in both subpara-
compact and submetacompact cases.
Throughout this paper, all spaces are assumed to be regular T1-spaces. For a set A,
we denote by |A| the cardinality of A. Moreover, let [A]<ω = {F ⊂ A: |F | < ω} and let
[A]n = {F ⊂A: |F | = n} for each n ∈ ω.
2. Subparacompact case
Recall that a space X is subparacompact if every open cover of X has a σ -discrete
closed refinement.
Notation A. Let σ be a σ -product of spaces Xα, α ∈A, with a base point x∗ = (x∗α)α∈A.
For each x = (xα)α∈A ∈ σ , let Q(x) = {α ∈ A: xα = x∗α} ∈ [A]<ω. For each n ∈ ω, let
σn = {x ∈ σ : |Q(x)|  n}, and let σ−1 = ∅. For each a ∈ [A]<ω, let Ya =∏α∈a Xα ×{(x∗α)α∈A\a}.
First, we consider the following statement (Sn) for each n ∈ ω.
(Sn) Let Z be a space and let σ be a σ -product of spaces Xα, α ∈ A, with a base
point x∗ = (x∗α)α∈A. If Z × Ya is subparacompact for each a ∈ [A]<ω, then Z × σn is
subparacompact.
Lemma 2.1. For every n ∈ ω, the statement (Sn) is true.
Proof. Since σ0 = {x∗}, the statement (S0) is obviously true. We prove (Sn+1) under (Sn).
Let G be an open cover of Z× σn+1.
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For each z ∈Z, we can choose an open neighborhoodUz of z in Z, Gz ∈ G, az ∈ [A]<ω
and an open neighborhood Vα of x∗α in Xα for each α ∈ az such that
(z, x∗) ∈Uz ×
(( ⋂
α∈az
π−1α (V α)
)
∩ σn+1
)
⊂Gz,
where each πα denotes the projection of σ onto Xα .
Since Z is subparacompact, there is a σ -discrete closed refinement F =⋃n∈ωFn of{Uz: z ∈ Z}. Now, fix an F ∈ F . Choose z(F ) ∈ Z with F ⊂ Uz(F ). Then we have
F × (⋂α∈az(F) π−1α (V α))⊂Gz(F). For each α ∈ az(F ), let Eα = {x ∈ σn+1: xα ∈Xα \Vα}.
Then it is obvious that σn+1 \ (⋂α∈az(F) π−1α (V α))⊂⋃α∈az(F) Eα . Thus it follows that
(F × σn+1) \
(
F ×
( ⋂
α∈az(F)
π−1α (V α)
))
= F ×
(
σn+1 \
( ⋂
α∈az(F)
π−1α (V α)
))
⊂ F ×
( ⋃
α∈az(F)
Eα
)
=
⋃
α∈az(F)
F ×Eα.
Note that F ×Eα is homeomorphic to F ×(XαVα)×σ ′n , where σ ′ denotes the σ -product
of Xβ, β ∈A \ {α}, with the base point (x∗β)β∈A\{α}. By the assumption of (Sn), F ×Eα is
subparacompact. Let H(F)=⋃α∈az(F) F ×Eα . Then H(F) is a subparacompact closed
subspace of Z× σn+1.
Let Hn = ⋃{H(F): F ∈ Fn} for each n ∈ ω. Since Fn is discrete, Hn is also
a subparacompact closed subspace of Z × σn+1. So there is a σ -discrete closed
refinement Hn of {G∩Hn: G ∈ G}. We put
H∗ =
{
F ×
(( ⋂
α∈az(F )
π−1α (V α)
)
∩ σn+1
)
: F ∈F
}
∪
(⋃
n∈ω
Hn
)
.
Then H∗ is a σ -discrete closed refinement of G. ✷
Theorem 2.2. Let σ be a σ -product of spaces. If each finite subproduct of σ is subpara-
compact, then σ is subparacompact.
Proof. In Lemma 2.1, let Z be the one-point space. Then we can see that each σn is sub-
paracompact. This implies that σ is subparacompact. ✷
3. Submetacompact case
For a space X with x ∈ X and a cover V of X, let ord(x,V) = |{V ∈ V : x ∈ V }|.
A sequence {Vn} of open covers of a space X is called a θ -sequence if for each x ∈X there
is nx ∈ ω such that ord(x,Vnx ) < ω. Recall that a space X is submetacompact if every
open cover of X has a θ -sequence of open refinements.
The following lemma for submetacompactness is a key for the proof given below.
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Lemma 3.1 [7]. There is a filter F on ω satisfying: For every submetacompact space X
and every open cover U of X, there is a sequence {Vn} of open refinements of U such that
for each x ∈X, {n ∈ ω: ord(x,Vn) < ω} ∈F .
Notation B. For each a ∈ [A]<ω, a continuous map pa :σ → Ya is defined by, for each
x ∈ σ , (pa(x))α = xα if α ∈ a and (pa(x))α = x∗α if α /∈ a, where Ya =
∏
α∈a Xα ×{(x∗α)α∈A\a}.
Lemma 3.2 [10]. Let σ be a σ -product of spaces Xα, α ∈ A, and let n ∈ ω. Then
{p−1a (Ya \ σn−1): a ∈ [A]n} is a point-finite collection of open sets in σ .
For n ∈ ω, let ωn = {s: s is a function from n to ω}, and let ω<ω =⋃n∈ω ωn. For each
s = (n0, . . . , nm−1) ∈ ωm and i  m, let s  i = (n0, . . . , ni−1), and for each k ∈ ω let
sk = (n0, . . . , nm−1, k). These notations are used in the proof of Theorem 3.3 below.
Theorem 3.3. Let σ be a σ -product of spaces. If each finite subproduct of σ is submeta-
compact, then σ is submetacompact.
Proof. Let σ be a σ -product of spaces Xα, α ∈ A, with a base point x∗ = (x∗α)α∈A. Let
G be an open cover of σ . We shall construct a sequence {H(s): s ∈ ω<ω} of collections of
open sets in σ , satisfying for each s ∈ ωn, n ∈ ω,
(1) H(s) is a partial refinement of G,
(2) ⋃inH(s  i) covers σn,
(3) for each x ∈ σ , there is m ∈ ω with ord(x,H(sm)) < ω.
Let ω0 = {∅}. Take G0 ∈ G with x∗ ∈ G0. Then let H(∅) = {G0}. Assume that we
have already constructed {H(s): s ∈ ωi, i  n}, satisfying (1)–(3). Take an s ∈ ωn. Now,
fix an a ∈ [A]n+1. Let Za = Ya \⋃in(⋃H(s  i)). Since Za is closed in Ya and Ya is
submetacompact, it follows from Lemma 3.1 that there is a sequence {Va(sk): k ∈ ω} of
collections of open sets in Ya such that
(4) Va(sk) is a partial refinement of G  Ya ,
(5) Va(sk) covers Za ,
(6) each member of Va(sk) is disjoint from σn,
(7) for each y ∈ Ya , {k ∈ ω: ord(y,Va(sk)) < ω} ∈ F , where F is the filter on ω
described in Lemma 3.1.
For each V ∈ Va(sk), find a G(V ) ∈ G with V ⊂ G(V ) ∩ Ya ∈ G  Ya . For each k ∈ ω,
we put Ha(sk) = {p−1a (V ) ∩ G(V ): V ∈ Va(sk)}. Here, ranging a over [A]n+1, we
put H(sk) =⋃{Ha(sk): a ∈ [A]n+1}. We have to only show that {H(sk): k ∈ ω}
satisfies (1)–(3). Clearly, (1) is satisfied. Pick an x ∈ σn+1 \ ⋃in(⋃H(s  i)). Let
b =Q(x). By the assumption (2), we have x /∈ σn. Hence we have b ∈ [A]n+1. Take any
k ∈ ω. Note that x ∈ Zb . By (5), there is V ∈ Vb(sk) with x ∈ V . Then it follows that
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x ∈ p−1b (V ) ∩G(V ) ∈Hb(sk) ⊂H(sk). So (2) is satisfied. Now, pick an x ∈ σ . Let
F = {a ∈ [A]n+1: x ∈ p−1a (Ya \ σn)}. It follows from Lemma 3.2 that F is a finite set. In
case of a ∈ [A]n+1 \ F , it is easily verified by (6) that x /∈⋃Ha(sk) for each k ∈ ω.
In case of a ∈ F , let Na = {k ∈ ω: ord(pa(x),Va(sk)) < ω}. Then Ha(sk) is point-
finite at x for each k ∈ Na . By (7), we have Na ∈ F . Since F is a filter and F is finite,
there is some & ∈⋂a∈F Na . Then we can conclude that H(s&) is point-finite at x . Hence
(3) is satisfied. Thus, the desired sequence {H(s): s ∈ ω<ω}, satisfying (1)–(3), has been
constructed.
For each s ∈ ωn,n ∈ ω, we putH∗(s)=⋃inH(s  i)∪G  (σ \σn). It is clear from (1)
and (2) that eachH(s) is an open refinement of G. Pick an x ∈ σ . By (3), we can inductively
choose m0,m1, . . . ∈ ω such that ord(x,H(m0, . . . ,mi)) < ω for each i ∈ ω. Take n ∈ ω
with x ∈ σn. Let t = (m0, . . . ,mn−1). Then it follows that ord(x,H∗(t)) < ω. Therefore,
{H∗(s): s ∈ ω<ω} is a θ -sequence of open refinements of G. ✷
4. Hereditary properties
Recall that a space X is hereditarily subparacompact (respectively, hereditarily meta-
compact, hereditarily submetacompact) if every (open) subspace of X is subparacompact
(respectively, metacompact, submetacompact).
Chiba [3] showed that (∗) holds for P being hereditary metacompactness. We can show
that hereditary metacompactness can be replaced by hereditary submetacompactness as
follows.
Theorem 4.1. Let σ be a σ -product of spaces. If each finite subproduct of σ is hereditarily
submetacompact, then σ is hereditarily submetacompact.
However, the proof is parallel to that of Theorem 3.3. The detail is left to the reader.
Corollary 4.2. Let σ be a σ -product of ω1 many Tychonoff spaces of weight  ω1. If
each finite subproduct of σ is hereditarily subparacompact, then σ is hereditarily sub-
paracompact.
Since the weight of the σ -product σ is not greater than ω1, this follows from Theo-
rem 4.1 and [8, Proposition 2.3].
Recall that a space X is subnormal if for any disjoint closed subsets A and B in X, there
are disjointGδ-sets G andH such that A⊂G andB ⊂H . Note that every subparacompact
space is subnormal.
For an infinite cardinal κ , let σ(2κ) be the σ -product of κ many copies of two-point
discrete space {0,1} with the base point 0∗. Note that each finite subproduct of σ(2κ) is a
finite set.
Chiba [3] showed that σ(2ω1) \ {0∗} is not normal. This implies that (∗) does not hold
for P being hereditary paracompactness.
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By Corollary 4.2, σ(2ω1) is hereditarily subparacompact. However, the following also
shows that (∗) does not hold for P being hereditary subparacompactness. Thus we cannot
exclude the assumptions of ω1 in Corollary 4.2.
Proposition 4.3. σ(2ω2) \ {0∗} is not subnormal.
Proof. Let σ(2ω2) be the σ -product of two-point discrete spaces {0α,1α}, α ∈ ω2, with
the base point 0∗ = (0α)α∈ω2 . Let τ = σ(2ω2) \ {0∗}. For each α ∈ ω2, let fα be the point
of τ defined by Q(fα)= {α}. Then note that {fα: α ∈ ω2} is a closed discrete subset in τ .
Assume that τ is subnormal. Let A= {fα : α ∈ ω1} and B = {fα : α ∈ ω2 \ ω1}. Since
A and B are disjoint closed sets in τ , there are disjoint Gδ-sets G and H in τ such that
A⊂G and B ⊂H . For each α ∈ ω2 and C ⊂ ω2 \ {α}, let
U(α,C)= {f ∈ τ : f (α)= 1 and f (β)= 0 for each β ∈C}.
For each α ∈ ω2, there is a countable Cα ⊂ ω2 \ {α} such that fα ∈ U(α,Cα)⊂G if α ∈ ω1
and fα ∈ U(α,Cα)⊂H if α ∈ ω2 \ ω1. Find some γ ∈ ω2 \ ω1 with γ /∈⋃α∈ω1 Cα . Take
δ ∈ ω1 \Cγ . Choose the point g ∈ τ defined by Q(g)= {γ, δ}. By {γ, δ} ∩ (Cγ ∪Cδ)= ∅,
we have g ∈U(γ,Cγ )∩U(δ,Cδ)⊂H ∩G. This is a contradiction. ✷
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